Black holes are unique among astrophysical sources: they are the simplest macroscopic objects in the Universe, and they are extraordinary in terms of their ability to convert energy into electromagnetic and gravitational radiation. Our capacity to probe their nature is limited by the sensitivity of our detectors. The LIGO/Virgo interferometers are the gravitationalwave equivalent of Galileo's telescope. The first few detections represent the beginning of a long journey of exploration. At the current pace of technological progress, it is reasonable to expect that the gravitational-wave detectors available in the 2035-2050s will be formidable tools to explore these fascinating objects in the cosmos, and space-based detectors with peak sensitivities in the mHz band represent one class of such tools. These detectors have a staggering discovery potential, and they will address fundamental open questions in physics and astronomy. Are astrophysical black holes adequately described by general relativity? Do we have empirical evidence for event horizons? Can black holes provide a glimpse into quantum gravity, or reveal a classical breakdown of Einstein's gravity? How and when did black holes form, and how do they grow? Are there new long-range interactions or fields in our universe, potentially related to dark matter and dark energy or a more fundamental description of gravitation? Precision tests of black hole spacetimes with mHz-band gravitational-wave detectors will probe general relativity and fundamental physics in previously inaccessible regimes, and allow us to address some of these fundamental issues in our current understanding of nature.
Introduction
Our understanding of nature has always been driven by observations and new data. The Standard Model of particle physics was established through the long-term support for particle accelerators of higher and higher center-of-mass energies. With the advent of direct gravitationalwave detection, our understanding of gravity (and possibly of other fundamental interactions) is now undergoing a phase transition [1] .
Experimentally, this progress was largely driven by the historical detection of gravitational waves (GWs) by the LIGO/Virgo collaboration [2] . The current network of GW interferometers is rapidly expanding on Earth (with the construction and operation of KAGRA [3] and LIGO-India [4] ) and in space. In 2013, ESA's Science Programme Committee selected The Gravitational Universe (millihertz GW astronomy) as the science theme for the 3rd large-class mission in the Cosmic Vision Programme (L3). A call for mission concepts was issued by ESA in 2016. Following the spectacular success of LISA Pathfinder [5] , a European-US team of scientists responded with a proposal in support of the Laser Interferometer Space Antenna (LISA) [6] , which was selected by ESA in June 2017. LISA will be the pioneering mission unveiling the mHz gravitational-wave sky.
In the meanwhile, X-ray spectroscopy [7, 8] and continuum-fitting methods [9] provide access to regions within a few Schwarzschild radii of compact objects, enabling us to measure spins more accurately than ever before. Novel astronomical techniques such as radio and deep infrared interferometry [10, 11] are giving us direct images of the dark, massive and compact object lurking at the center of our galaxy [12, 13, 14] . The exquisitely precise timing of binary pulsars [11, 15] and NICER [16] are providing incredibly accurate measurements of gravity in the strong-field regions surrounding neutron stars (NSs). Not since the 1960s, when the observations of the first quasars and the birth of X-ray astronomy revolutionized our understanding of high-energy astrophysics, have we witnessed such an experimental renaissance of general relativity (GR). The wealth of information and huge discovery potential offered by current and future GW observatories has had an impact on the global scientific community. Gravitational physics has become a data-driven research field, ready to spearhead the effort towards answering some of the most challenging open questions in science. Gravity has also become a melting pot for different communities -including relativists, particle theorists, astronomers, cosmologists, data scientists, and experimentalists -with the common goal to extract new physics and astrophysics from GW observations, and to understand which theories or predictions can be tested with the new data.
Central to this new era in physics and astronomy are black holes (BHs), the most compact objects in the Universe, with masses ranging from a few to a few billion solar masses. BHs are arguably the ideal physics laboratory. According to GR, BHs are the simplest macroscopic objects, being fully characterized by only a small set of parameters. Quoting Subrahmanyan Chandrasekhar [17] : "In my entire scientific life, extending over forty-five years, the most shattering experience has been the realization that an exact solution of Einstein's equations of general relativity provides the absolutely exact representation of untold numbers of black holes that populate the universe." BH physics is therefore "clean," and less prone to systematic or astrophysical uncertainties. Some BH binaries will slowly inspiral emitting GWs in the millihertz band for years, mapping the spacetime geometry to exquisite precision. Other BH binaries will merge and emit, in this same band, loud "ringdown" radiation whose properties characterize the structure of the final BH ("BH spectroscopy"). Resolving both signals will allow us to test the predictions of GR and to look for new physics. Electromagnetic counterparts will inform us on the environment that these BHs live in, such as the properties of their accretion disks. Any deviation that cannot be accounted for by systematics would signal the presence of exciting new physics that would need to be modelled in some beyond-GR scenario in order to be properly accounted for and interpreted.
Simple as BHs may be, they have some remarkable features, such as horizons and ergoregions, that lend further support to the idea of using them as natural laboratories. Horizons are membranes shielding us from regions where classical GR breaks down, and are associated with long-standing paradoxes in theoretical physics, such as the potential loss of unitarity due to thermal Hawking radiation. Certain proposals for resolving these paradoxes rely on the assumption that new physics appears at horizon scales, motivating further observational attempts to probe BH horizons. Particles or waves that enter the ergoregion of an astrophysical, rotating BH can escape to infinity with more energy than they had when they fell in, mining angular momentum from the BH. The associated amplification effects are of great interest both astrophysically (e.g., in the context of relativistic jets) and from a fundamental physics perspective, because they could lead to the experimental observation of light bosonic fields.
In this White Paper we will focus on the fundamental physics science case of a more sensitive detector operating in the millihertz band that we will call the Advanced Millihertz Gravitational-wave Observatory, or AMIGO for short. Such a detector would observe large numbers of BH systems with total mass in the range 10 4 M < M < 10 9 M , shedding light on the population of supermassive BHs (SMBHs) residing in the centers of galaxies and on the intermediate-mass BHs (IMBHs) which may exist in the centers of some sub-galactic structures and clusters. SMBHs are major cosmic players: they are tiny compared to galactic scales, but the associated jets and accretion disks can often outshine the entire host galaxy. The properties of SMBHs are tightly correlated with those of their host galaxies, and therefore they are believed to play a central role in the dynamics of stars and gas at galactic scales. However, the details of the birth and growth of SMBHs are not well understood. There is even more uncertainty at the low-mass end, where a conclusive detection of IMBHs has not yet been made, and their number and properties are therefore unknown. A sensitive millihertz GW detector such as AMIGO will also inform us on the environments surrounding these BHs, and give us a census of their masses and spins throughout cosmic history.
About 400 years after Galileo's first exploration of telescopes, we are just beginning to understand GW technology and the information it can provide. To interpret the wealth of data from GW observations and experiments in the next decades we need a comprehensive theoretical effort in the numerical and analytical modeling of GW sources. Together with ongoing efforts on the theoretical side, powerful new GW detectors truly realize the immense potential of GW physics. The science case for a sensitive GW-detector in the millihertz band is cross-cutting and multidisciplinary, and will address outstanding open issues in physics:
· Is GR the correct description for strong and dynamical gravitational interactions?
· Are there fundamental fields beyond the Standard Model of particle physics?
· What are the distribution and properties of dark matter close to galactic centers?
· Are massive astrophysical BHs described by the Kerr solution of GR?
· Is there structure close to the BH horizon?
· What are the properties of massive BH populations throughout the universe?
· How have massive BHs grown over time?
· What is the nature of the stellar environment and of the accretion disks around SMBHs?
We present our case as follows. First, in Section 2 we discuss the technical possibility of constructing a detector to achieve our science goals, and in Section 3 we briefly summarize the fundamental theories that an improved LISA-type detector could address. Finally, we pass to the science extracted from specific classes of sources of GWs in Sections 4 and 5, discussing inspirals of small objects into SMBH and SMBH mergers respectively.
AMIGO
As already mentioned in the Introduction, throughout this White Paper we present a scientific case for a detector we refer to as AMIGO, an enhanced version of LISA that would improve its sensitivity in the mHz band by a factor of 10 across all frequencies. An L-class mission Figure 1 : Projected sky-averaged sensitivity curve for AMIGO and possible sources within its range [18] . The sensitivity curve was computed with the use of the LISA Performance Model (perf-lisa.in2p3.fr) and the sources were adapted from [19] .
fulfilling the AMIGO description could be achieved in the 2035-2050 period under the condition of significant improvements in several key areas compared to the LISA instrument [6] .
Shot noise. The shot noise limited strain sensitivity for an ideal interferometer is:
which is independent of the interferometer arm length L as long as the laser power P in , the telescope diameter D and the laser wavelength λ remain the same. Improvements by an order of magnitude can be achieved by increasing the telescope diameter and the laser power and reducing the laser wavelength; most likely a combination of all three. This sensitivity is the target or bench mark for any technology development program dedicated to improvements in the interferometry or more precisely in our displacement sensing system. Limiting noise sources beyond shot noise include stray light, geometric effects that couple spacecraft motion to (apparent) length changes, timing noise in the phasemeter, laser frequency noise, temperature driven optical pathlength changes and many other mostly technical noise sources.
Acceleration noise. The limiting noise sources at low frequencies in a LISA-like mission are summarized under acceleration noise. The LISA Pathfinder experiments have generated a detailed noise model which can in principle also be used to design an improved mission [5, 20] . The low hanging fruit is the reduction in the gas pressure around the test mass which was one of the main limiting noise sources in LISA Pathfinder. Spacecraft motion couples through electrostatic actuation forces and through gravitational forces to test mass motion. Larger gaps, better gravitational balancing, µN thrusters with faster response times, an interferometric readout system that monitors all degrees of freedom with sub-pm sensitivity are all approaches which should enable the necessary improvements.
Galactic Binary Confusion. In a future mission design, these technological challenges have to be traded against each other but also against the "Galactic Binary Confusion" noise [21] to maximise the scientific pay-off of the AMIGO design. On the other hand, the overlap with the edge of the background of binary sources within the Galaxy would provide a wealth of signals with high signal-to-noise ratios (SNRs) for calibration, similarly to the case of LISA itself. This future development could make the concept of an AMIGO detector move closer to that of, e.g., the ALIA mission design [22] .
Detector concept. As a specific example of a feasible AMIGO concept, we consider an identically placed and spatially configured interferometer as LISA (2.5 million km arms), a 0.5 m telescope mirror, and a 30 W laser at the same wavelength as LISA (1064 nm). Furthermore, we assume a 10-fold improvement in acceleration noise as compared to LISA. The resulting noise curve is plotted in Fig. 1 . It is interesting to note that this particular configuration would also double the number of resolved galactic binaries (SNR>7) and increase the number of mass measurements of the binaries by a factor of order 10.
3 New theories, old problems AMIGO will shed light on some of the key outstanding issues concerning gravitation. These range from unresolved foundational questions, to how gravity could help shed light on new fundamental interactions or fields. Before passing to the discussion of concrete sources of gravitational radiation in the AMIGO band, we first present a brief standalone summary of the fundamental theories that are to be confronted with such observations.
Testing the cornerstones of GR with BHs and GWs
Gravitation continues to be the most enigmatic of all interactions. It is poorly understood at the shortest microscopic scales, where quantum effects are important. The need to stipulate the existence of dark matter and dark energy suggests that our understanding of gravity might be questionable at large scales as well. Experimental guidance into the mysteries of gravity is as pertinent as ever, and its impact on fundamental physics and cosmology cannot be overstated. Ultimately, one needs to test cornerstones of the theory: are fundamental symmetries, such as Lorentz symmetry or parity invariance, fully respected by gravity? Is the gravitational interaction mediated by the metric only -in particle physics language, by a massless spin-2 particle called the graviton? Can gravitons be massive? Can there be new fields that partake in the gravitational interaction, either as classical remnants of a quantum description of gravity (e.g. compactification of extra dimensions), or as explanations to dark matter or dark energy?
In practice, alternative theories of gravity can offer quantitative and systematic answers to the questions above. It is straightforward to argue that most deviations from GR (including Lorentz symmetry violations, massive gravitons, extra dimensions, etc.), can effectively be described in the classical regime by a covariant effective field theory with a metric and additional fields [23] . The nature and the properties of these fields encode the fundamental departure from GR. Hence, by detecting or constraining alternative theories of gravity and their dynamics, and with the right theoretical underpinning, we are probing the most fundamental principles of gravitation.
Scalars and vectors. The simplest modification of gravity relies on the introduction of a scalar field. No-hair theorems [24, 25, 26] imply that scalar fields cannot actually leave an imprint on the structure of quiescent (stationary, asymptotically flat) BHs in theories that do not exhibit derivative (self) interactions. Further investigation [27, 28] has pinned down the unique coupling term between a massless scalar and gravity that can give rise to hairy BHs -a coupling with the Gauss-Bonnet invariant. Such hairy BHs [29, 30, 31, 32] have received a lot of attention and there is an ongoing effort to explore their dynamics numerically [33, 34, 35] . BHs in general scalar-tensor theories [36] with a massive scalar are less explored. It has recently been demonstrated that curvature couplings can contribute to the effective mass of the scalar, triggering a tachyonic instability and leading to BH scalarization [37, 38] : BHs acquire scalar hair only if they lie in a certain mass range. Interestingly, no-hair theorems effectively provide guidance for finding hairy BHs, by violating one of their assumptions, such as changing the asymptotics [39] , introducing matter in the vicinity of the BH [40] , or considering long-lived instead of stationary configurations, as discussed in detail in Section 3.2. Irrespective of its origin, scalar hair alters the structure of the BHs and can generally leave an imprint on any part of GW waveforms (inspiral, merger, ringdown). One can also introduce an additional vector field into the gravity sector. The most general vector-tensor theories with derivative self-interactions but still second-order equations of motion have been established [41, 42, 43] and can be viewed as generalised Proca theories with genuinely new vector interactions. Again, a generic outcome is that such fundamental fields can be dynamically excited and leave observable imprints on the stationary geometry of BHs [44, 45] .
Symmetry violations. Special classes of theories with additional scalar and/or vector fields are those that violate fundamental symmetries, such as Lorentz invariance or parity invariance. The key property of Lorentz-violating theories is that they exhibit a different causal structure from GR, featuring superluminal or even instantaneous [46, 47] propagation without causal conundrums. This directly implies that BHs in these theories have to be fundamentally distinct from those of GR, featuring different horizons for excitations travelling at different speeds [48, 49, 50] and potentially a "universal" horizon that blocks even instantaneous propagation [49, 46, 51] . This rich causal structure is expected to leave an imprint on waveforms, and modelling BH and binary dynamics in Lorentz-violating theories is an ongoing challenge (e.g. [52, 47, 53, 54, 55] ). It is worth noting that GWs, and specifically the detection of a NS binary merger (GW170817) with coincident gamma ray emission that constrained the speed of GWs to a part in 10 15 [56] , have already given the strongest known constraint on Lorentz violation in gravity. This is a clear indication of the potential of GWs in constraining fundamental physics. However, it should also be stressed that the speeds of the extra polarizations that Lorentz-violating theories generically exhibit [57] remain virtually unconstrained even when all known bounds are combined [58] . This implies that there is still room for sizeable deviations from GR, and that further effort is necessary to rule out Lorentz violations in gravity.
Similar considerations apply to parity invariance. Dynamical Chern-Simons gravity [59, 60] provides an effective description of parity violations in gravity. Rotating BH solutions in such theories [61, 62, 63, 64] exhibit (pseudo-)scalar structure outside the horizon and dipole "hair" that affects the GW waveforms [65, 66, 67, 68, 69] .
Multi-metric theories. Gravity theories with multiple metrics arise naturally from the point of view of extensions of the Standard Model of particle physics, but also from the question of whether gravitons have mass [70, 71] . The presence and the properties of BH solutions highly depend on the assumptions for the two metrics [72, 73, 74, 75, 76] and are currently the subject of intense investigation. Current GW bounds on the mass of the graviton rely on propagation effects or dynamical instabilities, and taking into account modification of the binary's dynamics could lead to impressive improvements [77] .
To summarize, deviations from GR generically imply the existence of additional fields that mediate gravity. These can leave an imprint on the structure of BHs and also double as additional GW polarizations. The extensive study of scalar-tensor theories has taught us valuable lessons on how to search for new fields and polarizations, and is currently spearheading waveform modelling beyond GR. At the same time, there is an ongoing, systematic exploration of more general deviations from GR and their connections to fundamental physics. This is bringing a leap in our understanding of strong gravity phenomena and BH modelling beyond GR. Maintaining this huge momentum is crucial to be ready to make fundamental physics inferences with LISA and AMIGO.
BHs, GWs and dark matter
Understanding dark matter (DM) is one of the major scientific endeavours of this century [78, 79] . Models to explain it range from ultralight bosons with masses ∼ 10 −22 eV to BHs with tens of solar masses. A considerable effort has been made in the past decades to directly detect new particles that would fit the description of DM, but no experimental evidence of such particles has been found so far. Thus, if DM is made of new fundamental particles, it must interact very feebly with baryonic matter. However even in such a case, Einstein's equivalence principle-one of GR's fundamental pillars-requires that all forms of matter and energy gravitate similarly. Therefore, gravitational probes, such as GWs and BHs, provide an alternative and very compelling laboratory to directly probe the existence of new fundamental particles and to solve the long-standing puzzle of the nature of DM.
DM influence on inspirals. The GW emission of a binary BH system can be influenced by the presence of DM in different ways. A binary system evolving in a DM-rich environment will be influenced by at least two effects: accretion and dynamical friction (as the bodies move through the DM medium, they accrete material while simultaneously exerting a gravitational pull on the surrounding DM). These effects leave an imprint on the inspiral dynamics and, in consequence, the GW phasing. Although this also occurs for a binary in a baryonic environment (see Section 4.2), the dynamical friction for collisionless DM and large-scale coherent DM is different from that of normal fluids [80, 81, 82] . The magnitudes of accretion and gravitational drag are generically small, but their cumulative effect over a large number of orbits can leave a clear imprint in the gravitational waveform, measurable as a phase shift in the GW signal relative to the inspiral in vacuum [80, 81, 83, 84, 85, 86, 87, 88, 89] .
Direct imprints of the DM environment on GW waveforms are expected to be especially important in regions with large overdensities of DM. Such high densities may form around some intermediate mass BHs if they grew adiabatically from small initial seeds [90, 91, 92, 93, 83, 84, 87] , or in the presence of ultralight bosons [94] . These tests would be especially impressive for extreme-mass-ratio inspirals (EMRIs, see Section 4), in which case the small compact object may perform O(10 5 − 10 7 ) orbits in the band of AMIGO. EMRIs would allow for a very precise mapping of the spacetime and environmental properties around the massive BH. The detection of a DM environment and the measurement of its density can be used to constrain several DM candidates, such as light bosonic or fermionic DM and self-interacting DM [83, 84, 88, 89] . With a large number of GW detections, self-interacting DM may also be revealed through measurements of the rate of SMBH mergers as a function of redshift, which will be heavily affected by DM accretion [95, 96, 97] .
DM as a GW source. DM particles around a SMBH may be forced into highly eccentric orbits by the influence of gravitational perturbations from a more massive BH companion [98] . A torus may form near the SMBH, eventually leading to the formation of clumps, driven by the DM self-gravity. If DM self-annihilates, such a clump leads to electromagnetic and GW emission. Depending on the density profile and the mass of the DM particles, DM can accumulate near the ergosphere for a timescale up to 10 8 yr [98] . During this time, order-of-magnitude estimates of the clump's GW emission indicate that it could be a potential GW source for AMIGO.
A compelling DM candidate is the QCD axion, or axion-like particles. For such particles, overdensities around BHs can provide new signatures for multi-messenger astronomy. The natural weak interaction of the QCD axion with matter makes its direct detection challenging. However, axions may be efficiently converted to photons in the strong magnetosphere of NSs, potentially observable by current and future radiotelescopes [99, 100, 101] . The signal can be significantly enhanced for NSs inspiralling into an intermediate-mass BH surrounded by a dense DM environment. Joint electromagnetic and GW observations of these systems can probe the existence of the QCD axion in the range [10 −7 , 10 −5 ] eV and provide very tight constraints on both the DM profile and QCD axion properties [102] .
New bosons. In addition, spinning BHs can be unstable against the formation of a bosonic cloud of light fields, whereby a transfer of energy from the BH to the light field occurs via superradiance [94] . Bosons with masses in the range 10 −21 -10 −10 eV have a Compton wavelength comparable to the radius of astrophysical BHs, and can form efficient bound states. The extracted energy condenses as a bosonic cloud around the BH producing "gravitational atoms" with energy up to ∼ 10% of the mass of the BH [103, 104, 105] . The evolution of these systems leads to several observational channels.
For complex bosonic fields, GW emission is suppressed and the end-state of the instability can be a spinning BH with external bosonic structure [106, 107] . On the other hand for real bosonic fields, the cloud disperses over very long timescales, through the emission of nearlymonochromatic GWs with frequencies that range from 10 −6 Hz up to 10 4 Hz depending on the boson mass. Such signals can be observable individually or as a very strong stochastic GW background [108, 109, 110, 111] . Furthermore, BHs affected by the instability spin down in the process; thus, accurate measurements of the spin of a large population of BHs can strongly constrain, or detect, ultralight bosons in the range ∼ [10 −21 , 10 −10 ] eV [103, 112, 113, 114, 115, 109, 110, 116] .
Self-interacting bosonic particles may lead to collapse ("bosenovas"), producing gravitational radiation which may be detectable by AMIGO [117, 118, 119] and may even form compact stars in a large range of masses [120] . The merging of such binaries carries important information on their nature. For example, such objects respond differently to the tidal interaction of their companion [121, 122, 123] and would, in general, lead to a different post-merger signal when compared to the merger of two BHs [124, 125, 126] . Such effects are imprinted in the gravitational waveform and allows to strongly constrain the nature of the compact object (see Sections 3.4 and 5).
Charge bounds. Finally, whereas astrophysical BHs are expected to be electrically neutral, they may carry a hidden electric charge, as suggested by some models of milli-charged DM [127] and in Einstein-Maxwell-dilaton models [128, 129, 130] . New interactions lead to new emission channels during a binary coalescence, modifying both the orbital dynamics and the post-merger phase of the signal. For loud, nearly equal-mass BH binaries, AMIGO will be able to place exquisite bounds on the corresponding dipolar moment of the system (see Section 5).
BHs and the birth of our universe
AMIGO will also inform us on how the early universe looked. The same inflationary mechanism that generates large scale fluctuations in the cosmic microwave background and the large scale structure of the universe (galaxies and clusters) also generates fluctuations on small scales. Some models of inflation predict that large curvature fluctuations were generated thirty e-folds before the end of inflation, and then collapsed upon horizon reentry to form BHs during the radiation era [131] . These primordial BHs (PBHs) are formed from photons which cannot escape gravitational collapse of large curvature perturbations generated from quantum fluctuations during inflation. They have masses in the range between planets (10 −6 M ) and SMBHs (10 6 M ), and may form due to sudden changes in the relativistic fluid's radiation pressure, as particles decouple or condense throughout the thermal history of the Universe [132, 133] .
In the matter era, these massive BHs act as seeds for structure formation [134] . They could form disks very early on and grow via gas accretion to gigantic sizes (10 9 − 10 11 M ) in a Hubble time. These seeds could be responsible for the gradual (rather than explosive) and uniform (rather than patchy) reionisation of the Universe [135] . Their growth occurs mainly through gas accretion, but there is a possibility that they merge to form massive clusters of PBHs with a wide mass distribution, segregated in mass with the most massive at the center due to dynamical friction, and the least massive orbiting or even evaporating from these clusters and thus constituting a diffuse uniform component of dark matter. In that case, one expects a large rate of hyperbolic encounters as well as mergers with extreme mass ratios, at high redshifts [136] . The spatial distribution and mass range of PBH constitute a specific signature for microlensing surveys and GW events [137] .
BHs and horizons
Finally, AMIGO will provide an exclusive glimpse of the truly unique prediction of GR: BHs. As was mentioned, BHs in GR are very simple objects, but characterized by a special boundary: horizons, the defining feature of BHs in classical GR. Horizons constitute a causal boundary; information can propagate from the exterior universe to the BH interior, but at the classical level nothing can cross in the other direction. Once quantum effects are included at the semiclassical level, BHs appear to evaporate thermally. The "information paradox" resulting from this process [138] suggests that the classical picture of BHs is at least incomplete [139, 140] . A resolution likely requires changes at the horizon scale, which can even be drastic to the point of predicting new, very compact but horizonless objects in the universe [141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151] . Thus, BHs and NSs might be only two "species" of a larger family of astrophysical compact objects [152] . More exotic objects (that we will call exotic compact objects, or ECOs) are also predicted in modified theories of gravity, or when GR is coupled to exotic matter or beyond-Standard-Model fields (cf. Sections 3.1 and 3.2).
From a fundamental gravity standpoint, BHs and their horizons offer a unique possibility to examine one of the most extreme and important predictions of GR. Dynamical horizons are not only predictions of gravitational collapse in GR: their existence is necessary for the consistency of the classical theory. This is the root of Penrose's Cosmic Censorship Conjecture [153, 154] , which remains one of the most urgent open problems in fundamental physics. The statement that there is a horizon in any spacetime harboring a singularity in its interior is a remarkable claim -and it requires remarkable evidence.
In standard GR, BH horizons have properties which influence binary systems and the GWs that they generate. Because a horizon is a causal boundary, fields must satisfy purely-ingoing boundary conditions there. The horizon is in addition a surface of infinite redshift. If the supermassive dark objects observed at the centers of galaxies and expected to form during galaxy mergers differ from the standard BH picture, these differences could leave an observable imprint on the GW signal from both isolated and binary dark compact objects.
How well can observations probe these properties? The answer to this question depends on the particular effect under study and the specific GW source. We list several promising possibilities here, remarking on the prospects for observing them.
Multipole moments. Generally ECOs have a multipole moment structure which differs from that of BHs. The number of independent moments is larger and the Kerr symmetry properties can be broken [155, 156, 157] . These moments affect the dynamics of the inspiral, leaving an observable imprint on the emitted GWs [158] . Deviations from the standard BH multipole moments can be found by measuring the inspiral phase of a comparable-mass binary coalescence [159, 160] , or by mapping the spacetime geometry of supermassive objects as probed by an EMRI [155, 161, 162] : in Sections 4 and 5 below we show just how loud these events can be for AMIGO. AMIGO will set impressive bounds on the quadrupole moment of SMBHs with EMRIs, while also making it possible to cleanly measure moments beyond mass and spin for comparable-mass binaries.
Tidal heating. Each member of a binary feels the other's tidal field. These tides backreact on the orbit, transferring energy and angular momentum from their spin into the orbit. This effect is called tidal heating: for fluid bodies, each member is heated by the tide's shear on its fluid. Tidal fields on BHs satisfy a unique boundary condition which picks out how a BH's spin is transferred to the orbit. This effect can be responsible for thousands of radians of accumulated orbital phase for EMRIs in the band of a space-based GW antenna [163, 164] . This is due to the dissipative nature of horizons, which make BHs perfect absorbers. If at least one binary member is an ECO, the dissipation is likely to be much smaller, even negligible, potentially changing the inspiral phase by a large amount (especially if the binary's members spin rapidly). Extending the results of Ref. [165] to AMIGO, we estimate that SMBH coalescences up to cosmological distances (z ∼ 10) can be confidently distinguished from ECO binaries by the presence of tidal heating.
Tidal deformability. The nature of inspiraling objects is also encoded in how their shapes respond to the tidal field of a companion. This tidal deformability is quantified by their tidal Love numbers (TLNs) [166] . A remarkable result of GR is that the TLNs of all (slowly spinning) BHs are exactly zero [167, 168, 169, 170, 171, 172, 173] , while those of compact horizonless objects are small but finite [174, 175, 176, 122, 177 ]. This precise cancellation suggests a powerful test: a non-vanishing TLN with measurement errors small enough to exclude zero provides a smoking gun for ECOs. In some models, TLNs can depend logarithmically on an object compactness, near the BH limit [165, 152] . This poses a challenge: the errors on the compactness are exponentially sensitive to the TLNs [178] . The outlook for constraining this physics is marginal with LISA, but AMIGO would provide the opportunity to measure TLNs of extreme models, possibly even placing bounds on a putative effective surface at Planckian distance from the would-be horizon [178] . Prospects to measure the TLNs of supermassive objects are much better with EMRIs [179] , and would significantly improve with AMIGO, constraining this physics several orders of magnitude better than current limits from LIGO/Virgo for NSs.
Mergers of dark objects. Simulations of ECO coalescences and mergers have so far only been done for boson stars (see [120] for a review). Several distinctive features have been found, such as the excitation of post-merger scalar modes, the ejection of scalar "blobs," and the formation of a non-spinning boson star as the remnant of a moderately compact binary [124] . These studies show that GW waveform differs significantly from BH models, at least for the cases examined to date [124] , demonstrating the potential of waveform consistency checks to tests the nature of merging systems [180] . Numerical simulations in other ECO models are needed to extend such tests.
Ringdown and post-ringdown spectroscopy. If an ECO remains after merger, the post-merger phase is particularly rich. Matter and fluid modes may be excited; some modes may be resonantly excited. The remnant's quasinormal mode spectrum differs from that of a BH, providing a further method for testing BH physics [181] . The boundary conditions of ECOs are dramatically different from those of a BH, which can lead to "echoes" of the prompt ringdown [182, 183, 184, 185, 186, 187, 188, 189, 190] ; see [191, 152] for recent reviews. Echoes in the GW data would allow us to probe the near-horizon structure of compact objects. The absence of echoes could place increasingly stronger constraints on alternatives to the BH paradigm, for example on the effective reflectivity of the object [192] . An improvement in sensitivity by a factor 10 relative to LISA will allow us to put constraints on the ECO reflectivity at 5σ confidence level, which are impossible with near-future detectors.
Bottom line. Future GW instruments in the mHz band can be used as a probe of the BH nature of heavy and dark objects, but also to test the putative signatures of alternative proposals and to exclude (or discover) supermassive dark objects other than BHs. An improvement in sensitivity by a factor of at least 10 relative to LISA will be crucial in this context.
Most of the above questions require a sensitive GW-detector such as AMIGO. They also require clean astrophysics and fundamental-physics probes, and BH systems are ideally placed for such a role. The following is a concise overview of the potential of two BH-systems that we know exist in our universe and that will be probed by AMIGO.
EMRIs: ideal probes of black-hole physics
Within the class of compact-object binary systems, the ubiquity of SMBHs residing in galactic nuclei has made binaries with a mass ratio 10 −5 -10 −7 a prime target for low-frequency spacebased GW observatories. These systems we have already referred to as EMRIs, binary systems in which one component is substantially more massive than the other, hold the exciting promise of providing unrivalled tests of Einstein's GR. They also hold the promise of improving our understanding of the properties of galactic nuclei, and of enabling precision measurements of the properties of SMBHs out to high redshift.
The EMRI regime is qualitatively very different from the comparable mass regime where ground-based detectors have been so successful [193] . The small mass ratio of EMRIs leads to a slower evolution of the binary. As such, the light secondary completes many tens of thousands of orbits at relativistic speeds in the strong gravitational field of the heavy primary. Furthermore, the binary tends not to have completely circularized, resulting in orbits with a very rich structure (see Fig. 2 ). The resulting GWs carry with them exquisite information about the spacetime of the binary and the environment in which the EMRI lives. Regarding the latter, there remains a great deal of uncertainty about the nature of the stellar environment around galactic nuclei. As we discuss below, the AMIGO mission will start to fill in this gap in our knowledge by enabling a wide range of studies of the stellar environment around SMBHs. In addition to EMRIs, AMIGO will also search for intermediate mass-ratio inspirals (IMRIs) with a mass-ratio in the range 10 −2 -10 −3 .
In order to extract the maximum science gain from EMRI and IMRI observations it will be critical for a next-generation space-based GW mission to have: (i) high signal-to-noise ratios; (ii) a sufficient number of sources to draw statistically significant conclusions; and (iii) a largeredshift observational horizon distance. These three features will provide a unique opportunity to answer key scientific questions, such as: how have SMBHs grown over cosmic time? what is the nature of the dense stellar environment around SMBHs? what is the fundamental nature of gravity in the extreme region near a BH event horizon? A high-sensitivity millihertz GW detector would be ideally positioned to realise these goals and answer these key scientific questions. In the following subsections we address each of these questions in turn. 
How have SMBHs grown over cosmic time?
An AMIGO mission would be sensitive to EMRI and IMRI events to great cosmological distances, probing events that involve the earliest BHs to form in our universe. In the redshifted total mass range 10 4 M (1+z)M 10 7 M , AMIGO would extend the high precision studies of BH properties that we expect from LISA from z ∼ 3 to z ∼ 10 or even more. Such redshifts are comparable to, or larger than, those of the earliest known quasars [194] . In order to power the high-redshift quasars we see today, massive (M 10 8 M ) BHs must exist, but there is great uncertainty regarding how they formed and grew to these masses. Simulations of early galaxy and structure growth show that galaxies and galaxy halos grow through the repeated merger of smaller-scale structures, often at mass ratios of 20:1 or more (see [195] and references therein for discussion). If these structures host BHs whose masses scale with the structure's mass (an assumption that is approximately consistent with BHs observed in the local universe [196] ), then the assembly of the first SMBHs would be accompanied by many EMRI and IMRI events.
Observations of high-redshift EMRIs and IMRIs would provide sub-percent-level accurate determinations of SMBH masses, and determine their spins with roughly the same level of precision. By measuring a large population of such events, AMIGO could track the co-evolution of BH mass and spin from very early times, revealing whether there are trends in massive BH properties as the universe evolves from its earliest moments. An additional intriguing prospect concerns the measurement of peculiar velocities using AMIGO: when a binary orbits a SMBH, the emitted GWs have a small Doppler shift which can be measurable and provide precious information on the system and its host galaxy [197, 198, 199, 200] . The mass of the smaller member of the binary would also be precisely determined, teaching us about the properties of the earliest BHs. These BHs would likely be remnants of the first stars to form in the universe [201] , making possible direct observational inferences about these unusual and important objects.
The great reach of AMIGO to EMRI and IMRI events means that there will be a challenge of source confusion. The rate of EMRI events in LISA is fairly uncertain, ranging from several events per year to hundreds or even thousands. Even if LISA's rate is on the low side, the rate for AMIGO is likely to be at least several hundred events per year. These events will all be "on" simultaneously. Careful analysis methods will need to be developed in order to disentangle these events from each other.
What is the nature of the dense stellar environment around SMBHs?
EMRI waveforms will carry a wealth of data about the binary and the stellar environment in which the EMRI formed. This can include information about third bodies that are sufficiently close or heavy, properties of the secondary, or the presence of an accretion disk.
External halos and large-scale fields. Conservative estimates for the gravitational perturbations caused by dark matter, molecular-gas or stellar halos, accretion disks and various other fields suggest that these are negligible for the purpose of detection and parameter estimation in EMRIs [85, 86] . However, conservative estimates show that the gravitational effects of outstanding perturbing bodies will be observable by AMIGO, as we discuss below. In nonconservative scenarios where, for instance, compact rings or disks of masses and sizes comparable to the central BH perturb the motion, the effects on the inspirals can be large [202, 203] . A common feature of the inspirals in such strongly perturbed systems would be prolonged resonant episodes and even chaos [204, 205] .
Perturbing bodies. Two important scenarios of perturbing bodies external to the binary are: (i) a massive BH within several tenths of a parsec of the EMRI [206, 207] and (ii) stellarmass objects with M ∼ 0.1-100M at several AU from the EMRI [208] . In the first scenario, the presence of the massive BH changes the location of the innermost stable circular orbit significantly and thereby the time of merger. Additionally, the nearby massive BH accelerates the EMRI and induces a small phase drift in the GWs. Detecting this phase drift would give a measurement of the ratio of the perturber's mass to its distance cubed. The degeneracy between the mass and distance of the perturber can be broken if the perturber is very close (within a few tenths of a parsec) so that additional derivatives of the motion can be measured. Such measurements of the mass and distance of potentially nearby massive BHs can help constrain models of galactic merger dynamics.
In the second scenario, the dominant effect of nearby stellar-mass objects on the waveform is through tidal resonance, which can be thought of as the general relativistic version of the Kozai-Lidov resonance. These types of resonances are transient but frequent, and they can alter the waveform significantly. Observing these resonances constrains the ratio of mass over distance cubed of the nearby perturbers. By observing these "outliers" close to the central BH, one can constrain stellar mass population models. The likelihood of observing tidal resonances increases significantly with the increased detection rate of AMIGO.
Inspiralling binaries. Another interesting possibility are binary-EMRIs (b-EMRIs) where a massive BH captures a stellar-mass BH binary. This scenario could occur in as many as 10% of EMRIs [209, 210] . If the stellar-mass binary merges close to the massive BH, it leaves a unique signature in the waveform from which one can determine (i) the recoil velocity of the merged remnant to a precision of 10 km/s (a much higher precision than the 120-200 km/s presented in [211, 212] ) and (ii) constrain the rest mass lost in the form of GW radiation to an accuracy of 1.5%. Additionally, the merger of the stellar-mass binary produces high-frequency waves detectable by ground-based GW observatories. Using this multi-band information, one can improve the current constraints on the graviton mass by an order of magnitude [210] . Given that only 30% of b-EMRIs are expected to merge close to the central BH, the likelihood of observing such systems and the exciting physics one can extract from them will be significantly higher with the increased range of AMIGO.
Accretion disks. An AMIGO mission provides also an exciting opportunity to learn about accretion physics in active galactic nuclei (AGNs). Most galactic nuclei in the universe are quiescent, especially at z 2. Massive BHs in quiescent nuclei are expected to be surrounded by thick radiatively inefficient gas flows, whose influence on an EMRI is typically negligible [213, 214] . Most EMRIs observed with LISA are thus unlikely to be influenced by accretion. With AMIGO increasing the range of EMRIs (and IMRIs) to z 10, the likelihood of observing an EMRI from an AGN increases substantially. In AGN disks, the effects of accretion, dynamical friction and planetary migration on the EMRI waveform are important -typically more important than GW emission at separations > 20 -40 gravitational radii, and are stronger than second-order gravitational self-force effects at any separation [215, 85, 86] . The large uncertainties in accretion disk physics will make precise modeling of EMRIs interacting strongly with disks very challenging. As such the higher SNR of AMIGO will be beneficial as it will allow the GWs from the brightest of these systems to be extracted from the data without using template methods.
Since oscillation frequencies of accretion disks are often very close to the orbital frequencies [216, 217] , they are likely to be excited by the passages of a compact object in an IMRI or an EMRI with a corresponding electromagnetic counterpart. The increased sensitivity of the AMIGO design would allow to detect EMRIs and IMRIs early enough to launch parallel Xray observation campaigns [218, 219] , which would search for associated phenomena such as the elusive quasi-periodic oscillations in the X-ray flux of the host AGN [220, 221] . This multi-messenger observation would be an invaluable source of data not only for accretion-disk modeling and BH physics, but also a standard siren for cosmology [222] .
Properties of the secondary. The secondary in an EMRI is expected to be captured from the central dense stellar environment about which little is known. Thus by studying the nature of the secondary itself, information can be gleaned about this environment. In particular, we can study the multipole moments of the secondary, including its mass, spin and mass quadrupole moment. The latter two introduce very small deviations from the geodesic motion, scaling with powers of the mass ratio. However, due to the long duration of the inspiral they can accumulate to give a measurable phase shift in the waveforms. In the case where the inspiralling object is compact, like a BH or NS, we can deduce a component of the spin [223, 224] from the respective waveforms. Some quadrupole terms could be measured for less compact objects [225] . Another effect that the spin and higher multipole moments introduce into the inspiral are prolonged resonances [226] , whose effect, however, requires more study [227] . The improved sensitivity of AMIGO would allow for improved estimations of the multipoles of the secondary object and of the impact of these resonances on the inspiral. Some of the most exciting opportunities to study the nature of the secondary would come from electromagnetic counterparts. AMIGO could obtain large numbers of GW signals correlated with the multi-band tidal disruption events of white dwarfs in IMRIs [228] .
Environment of Sgr A*. Finally we mention the potential to study the environment around our own Milky Way's SMBH, Sgr A*. Theoretical models suggest that there could be a dark cluster of compact objects and low-mass stars within 0.04 parsecs of Sgr A* [229, 230] . Fortuitously, the mass of Sgr A* is such that the frequency of GWs from objects within a few hundred gravitational radii are in the most sensitive part of the AMIGO noise curve [231, 232] . Searching for objects in this dark cluster will be complementary to ongoing electromagnetic searches for low-mass stars in this region [233] .
What is the fundamental nature of SMBHs?
As EMRIs spend many thousands of cycles orbiting in a strong gravitational field, the phasing of the GWs will be highly sensitive to the structure of the spacetime near the SMBH. This will enable us to answer key question such as "is the spacetime around a SMBH described by the Kerr metric of GR?" [156] . The improved sensitivity of the AMIGO mission translates to a commensurate improvement over the already excellent, percent-level bounds that will be placed by the LISA mission [161, 162] . It will also open up possible new tests.
By a rough estimate, the ratio of SNR in the ringing to SNR in the inspiral is ∼ Qm/M, where M/m is the large mass ratio, and Q is the "quality factor" of the dominant ringing mode (roughly the number of ringing oscillations). For most BHs, we expect Q in the range 10 − −20.
Ringdown. The final cycles of any coalescence involving BHs is a ringdown, the characteristic "shaking" of the remnant BH as it settles down to the Kerr solution of GR. These ringdown waves, known as quasinormal modes (QNMs), encode the mass and spin of the remnant BH. If multiple ringdown modes can be measured, the waves can be used to test the hypothesis that the Kerr solution describes this BH, and allows one to learn about the geometric properties of the binary that generated the GW signal. For essentially all EMRI events, the ringdown will not be measurable even with AMIGO, though it may be accessible for IMRI events. By a rough estimate, the ratio of SNR in the ringing to SNR in the inspiral is ∼ Qm/M, where M/m is the large mass ratio, and Q is the "quality factor" of the dominant ringing mode (roughly the number of ringing oscillations). For most BHs, we expect Q in the range 10 − 20. For typical EMRIs this SNR ratio works out at the ∼ 1% level, so the ringdown's SNR is negligible except for extremely loud EMRIs. However, for IMRIs with N cyc 10 3 , the ringdown SNR could be within an order of magnitude of that for the inspiral. Measuring this final ringdown will provide a powerful check on our understanding of these systems, probing the nature of the final spacetime and the binary's properties in a manner that is completely independent of the techniques used to measure the preceding inspiral.
Near-extremal Kerr BHs. The higher EMRI event rate of AMIGO will greatly increase the likelihood of observing a so-called near-extremal BH. The cosmic censorship conjecture implies a fundamental bound on the angular momentum J of BHs in terms of the mass, J < M 2 . BHs that nearly saturate this bound are called near-extremal.
Accretion is the main known mechanism to spin up BHs. In geometrically thin disk models, spin can be increased up to the Thorne bound J/M 2 ≈ 0.998 [234] . This bound is reached in SMBH evolution models with mass 10 9 M and higher, assuming anisotropic accretion [235] . In the presence of magnetic fields, the Thorne bound can be by-passed [236, 237] , and, generally, there is no fundamental limitation on how close to near-extremality a BH can be. Inspiral and plunge of a compact object into a supermassive near-extremal BH is therefore a hypothetical but candidate rare event that could be potentially observed by a thorough survey of EMRIs and IMRIs with AMIGO. The discovery of such a near-extremal BH would be fascinating as these objects are tetering on the edge of becoming naked singularities and a whole plethora of new physics occurs in their near-horizon regime [238, 239, 240, 241] , a region which EMRIs are ideally suited to probe [242, 243] .
The specific mathematical properties of near-extremal black holes lead to the development of "smoking-gun" signatures in EMRIs. Specifically, EMRIs develop exponentially decaying tails at fixed oscillation frequencies and with suppressed amplitudes as (1 − J 2 /M 4 ) 1/6 [239, 242] . Additionally, the plunging phase leads to prolonged ringdowns that exhibit effectively power-law decays due to the overstacking of quasinormal mode overtones [240, 243] . The discovery of a coalescence involving a near-extremal BH would therefore provide new qualitative tests of GR in the strong-field regime.
5 Collisions of supermassive black holes: the loudest events in the universe for nonspinning BH binary merger with mass ratio q = 2. SNRs were calculated assuming a ten-fold reduction in the LISA noise and following Ref. [244] to calculate the ringdown energy. As already stated several times, the centers of most galaxies harbour SMBHs. Following a galactic collision, the merger of these BHs generates copious amounts of GWs. Such events will be observed by LISA with typical SNRs above 1000 if they occur after the peak of star formation (i.e., at z 2), and they can be detected (SNR 10) even beyond z ∼ 20. The GW signal can be correlated with electromagnetic counterparts from ensuing tidal disruption events [245] . A mission with one order of magnitude improvement in sensitivity across the LISA band will detect events with BH masses spanning 10 2 -10 10 M and possible SNRs 10 4 (see Fig. 3-4) , enabling exquisite probes of the properties of BHs and tests of fundamental physics that are simply out of reach for LISA. For systems that emit at the edges of LISA's frequency band, such a mission may increase detection rates by a factor of 1000. This includes GWs from the most massive SMBHs, currently probed only by pulsar timing arrays, and stellar-origin or intermediate-mass BH binaries, which may also be detected by ground-based GW detectors as multiband systems [246] . Thus, AMIGO will bridge the entire GW spectrum, enabling tests of GR across 16 orders of magnitude of spacetime curvature.
The inspiral of SMBHs: unprecedented tests of gravity
The analysis of SMBH binaries divides naturally into the long inspiral phase and the violent merger and ringdown phase. Space-based detectors will observe long inspirals of SMBHs, thereby surpassing any previous tests of the nature of BHs. For mergers of 10 5 − 10 7 M mass BHs at z = 1, AMIGO could measure chirp mass and symmetric mass ratio with fractional errors as low as 10 −7 and 10 −5 [247] .
Parametrized tests. GR makes highly specific predictions for the GWs emitted by two coalescing BHs. As a result, precise measurements of the phasing of observed GWs could unveil a wide range of departures from the expected behavior of astrophysical BHs in GR. Generic constraints can be placed by explicitly parametrizing deviations from GR in the waveform [248, 249] , as has already been done with ground-based detectors [180, 250] . Each parameter that deviates by a measurable amount from GR could provide evidence for new physics.
A salient example of such a possible deviation is the emission of dipolar radiation during the inspiral [251, 127] . This would be indicative of energy loss through a non-gravitational interaction, due to the BHs possessing electric or, more exotically, some kind of scalar charge [252, 251, 127, 253] , in violation of the no-hair theorem. With a single event, AMIGO could constrain the dipole flux to a level of ∼10 −9 , two orders of magnitude better than the best existing theory-agnostic constraints [251, 254] . Thanks to its extreme sensitivity, AMIGO could also hope to directly detect or tightly constrain scalar or vector polarization modes in the GW strain [255, 256] . In the case of electric charge, GW phase measurements could constrain the binary charge-to-mass ratio to 10 −5 √ 4πε 0 G [251, 127] . Thus, AMIGO would be able to constrain the neutrality of matter to the level of 1 excess electron per 10 23 neutrons. Probing the neutrality of matter at this level tests models of (milli)-charged dark matter, and also informs us on the global and local neutrality of matter, a long-held but poorly tested belief.
Studying multipolar structure using inspiral. Detailed measurements of the GW phase could also be used to probe the multipole moments of BHs. These moments may not be as anticipated if the objects we observe are not the astrophysical BHs predicted by GR, either because they are some other exotic object or because corrections to GR are needed [180, 152] . Detecting subtle deviations in the multipolar structure of these objects requires high-precision GW measurements. LISA will be able to measure up to two multipoles with good accuracy for comparable mass binaries, and possibly higher multipoles for intermediate mass ratios [160, 257] . With greater sensitivity, AMIGO will enable the study of the detailed multipolar structure of detected binaries, for a greater number of sources.
Tidal Love numbers and BH mimickers. The tidal Love numbers of a star describe how the star responds to tidal forces, and encode the internal structure of the star. The Love numbers are imprinted on the GWs emitted during inspiral, and measurements of these will discriminate BHs from exotic compact objects which otherwise mimic the properties of BHs [152] . AMIGO will detect longer inspirals and provide stringent measurements of these parameters, which are expected to vanish for BHs.
The ringdown of supermassive BHs: gravitational spectroscopy
Following the slow inspiral, SMBHs rapidly merge into a final BH. GWs emitted during the post-merger ("ringdown") phase provide information about strong gravity, dynamical spacetimes, and are uniquely clean probes of the dynamics of the final BH. Using only the leastdamped ("fundamental") ringdown mode, AMIGO can measure the remnant's mass and spin with a fractional error of O(10 −5 ) for equal-mass mergers of 10 6 − 10 7 M BHs at redshift z = 1. Even greater precision could be achieved with overtones.
Merging BHs. Explorations of the plunge and merger phase of BHs in modified theories remain in their infancy. By the time AMIGO is launched, accurate numerical models in a variety of modified theories are expected to be available, and will allow for detailed comparison to the measured GWs. Currently, the ringdown phase following merger is understood in detail only in GR, and is certain to explore the geometry of spacetime near the BH horizon.
Parameterized ringdown tests. Emission during ringdown can be described as the super-position of a number of damped oscillation modes, the QNMs of the BH. The spectrum of modes depends only on the geometry of the final BH, which makes QNMs a powerful tool to explore the nature of BHs and constrain modified theories of gravity. A crucial element of ringdown studies is the measurement of multiple frequency modes, in terms of angular harmonics (quadrupole modes, octupole modes, etc.) and their corresponding overtones. Even with the incorporation of multiple overtones [258, 259] , ground-based GW detectors will measure multiple modes for relatively few events, and with relatively low SNR [260] . LISA will observe the ringdown following SMBHs with such high SNR that a considerable number of modes can be independently distinguished.
Following these pioneering studies, AMIGO will allow for detailed BH spectroscopy-the precision measurement of the structure of BHs using QNMs. By breaking several degeneracies, detection of large number of higher harmonics will also significantly improve sky localization and estimation of luminosity distance. With the measurements of QNM frequencies, direct constraints can be placed on the structure of spacetime near the BHs. QNM measurements can place constraints on the effective potential describing these modes and on their possible couplings [261, 262] . LISA ringdown measurements will provide constraints on the shapes of this potential, but the improved sensitivity of AMIGO will provide a detailed measurement of its angular and radial structure by measuring a greater number of QNMs for each SMBH binary. This will be crucial for detecting or ruling out deviations from GR that only impact higher-order modes.
Conclusions
BHs are fascinating objects, related to a number of conundrums in fundamental physics, astrophysics, or cosmology. Long-standing unresolved issues, such as the nature of dark matter or dark energy, or the information paradox associated with BHs, force us to scrutinize gravity to new levels of detail, searching for answers.
We have made a science case for AMIGO, a follow-up of LISA feasible to be built and launched in the 2035-2050s period. AMIGO would allow us to "listen in" deeper in the mHz gravitational-wave sky, gathering many more signals with higher precision, which would represent a major leap in probing the nature of BHs. Unparalleled insights could come from rare occurrences captured by the larger reach of AMIGO, the patterns emerging from the large statistics it would gather, or through the precise dissection of individual events.
The LISA mission will leave a heritage in terms of technology, instrumentation, developed theoretical understanding, the strong surrounding community, and, finally, also the first millihertz GW sky map. We hope we have presented a convincing case that the AMIGO mission provides a unique chance to fully capitalize on this heritage and to foster and reinforce the exciting era of GW science that has just begun.
